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Words from the Editor. . .

Welcome to the first issue of Paradox for 2004! For the uninitiated, this mag-
azine that you hold in your hands is a publication brought to you by MUMS,
the Melbourne University Mathematics and Statistics society. For the more
experienced reader, I can assure you that this issue is as action-packed and
hilarious as ever.

This particular Paradox contains articles on the RSA challenge and art gallery
theorems as well as an interview with mathematician Craig Hodgson. As al-
ways, there are also a few maths problems for you to try your hand at for cash
prizes. Our resident comic strip hero, Knot Man, is also back from a much
needed holiday and this issue sees him battling with new enemies in The Ma-
trix! And, of course, there are various maths jokes scattered throughout for
you to laugh and/or groan at!

I hope that you all enjoy reading this issue of Paradox and have a great first
semester. I encourage you to partake in MUMS events, such as the free barbecue
and trivia competition which will be coming up after the Easter break. If you
have any queries, comments, or wish to submit mathematical jokes and articles,
please feel free to e-mail me at paradox@ms.unimelb.edu.au.

— Norman Do, Paradox Editor

. . . and some from the President

Welcome to 2004, and for the new students out there, welcome to MUMS!

For those who haven’t yet heard about us, we are a student club for maths and
stats students, and for anyone who is interested in the fun side of mathemat-
ics. We run a range of social, competitive and educational events throughout
the year including trivia nights, free barbecues, regular seminars, and our in-
famous Maths Olympics (a crazy competition designed to stretch your athletic
and cognitive abilities to the limit) which are held in semester two. We also
publish Paradox! Yes, that’s the magazine you are reading right now. Like
our seminars, its aim is to display some interesting mathematics, in an informal
and entertaining way.

Soon after the Easter break, we will be holding our AGM — this is where
you get to elect a new committee for MUMS. I encourage all of you to come
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along and vote (did I mention there will be free pizza?), and even consider
nominating yourself for a position. Being on a committee is the best way to
get really involved in a club, and meet lots of new people along the way!

O-Week saw a very successful MUMS BBQ, and we hope to repeat that per-
formance later in the semester. Also, we will be running a trivia competition
towards the end of May. Watch out for these events!

— Damjan Vukcevic, President of MUMS

Front Cover

The front cover of this issue of Paradox is an example of what is known as an
ambigram. Ambigrams are a particular type of visual wordplay in which a word
or phrase is written so that it possesses some sort of symmetry. For example,
each instance of the word “Paradox” on the front cover has been written so
that it looks exactly the same when turned upside down.

The ambigram appearing on the front cover was drawn by Punya Mishra. Many
thanks go to him for allowing us to use some of his fine artwork, much more of
which can be seen at

http://punya.educ.msu.edu
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A Mathematician, an Engineer and a
Physicist. . .

A mathematician and an engineer are sitting in a lecture by a physi-
cist. The topic concerns Kaluza-Klein theories involving physical
processes that occur in spaces with dimensions of nine, twelve and
even higher. The mathematician is clearly enjoying the lecture
while the engineer is frowning and looking confused and puzzled.
By the end, the engineer has a terrible headache whereas the math-
ematician comments about the wonderful lecture.
Engineer: “How do you understand this stuff?”
Mathematician: “I just visualize the process.”
Engineer: “How can you visualize something that occurs in 9-
dimensional space?”
Mathematician: “Easy! First visualize it in N -dimensional space,
then let N go to 9.”

One day a farmer called up an engineer, a physicist, and a math-
ematician and asked them to fence off the largest possible area
of land with the least amount of fencing. The engineer made the
fence in a circle and announced that he had the most efficient de-
sign. The physicist made a long, straight line and proclaimed, “We
can assume the length is infinite. . . ” and pointed out that fencing
off half of the Earth was certainly a more efficient way to do it.
The mathematician just laughed at them. He built a tiny fence
around himself and said, “I declare myself to be on the outside.”

A mathematician, a physicist, and an engineer were travelling
through Scotland when they saw a black sheep through the win-
dow of the train.
“Aha,” says the engineer, “I see that Scottish sheep are black.”
“Hmm,” says the physicist, “You mean that some Scottish sheep
are black.”
“No,” says the mathematician, “All we know is that there is at
least one sheep in Scotland, and that at least one side of that one
sheep is black!”
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An Interview with Dr Craig Hodgson

Our very own Dr Craig Hodgson, a senior lecturer in the Department of Math-
ematics and Statistics, has recently been awarded the Faculty of Science Dean’s
Award for Excellence in Research. I was fortunate enough to be slotted into
his busy schedule and given the chance to find out more about the man and
his work.

“I am interested in the geometry and topology of 3-manifolds —
objects that look locally like three dimensional space.”

I must have looked a little puzzled, so out came the educator in Dr Hodgson
(as well as pen and paper).

“If you take a surface, such as a sphere, and zoom in on it, it looks
like like a plane — 2 dimensional space. A 3-manifold has the
analogous 3 dimensional property. . . These objects are important
as they give a model for the space in which we live. Work in this
area is especially of interest to physicists and cosmologists who are
currently investigating the topology of the universe.”

Some of Dr Hodgson’s most recent work is closely related to Thurston’s Ge-
ometrisation Conjecture, arguably the (as yet unscaled1) pinnacle of this area of
mathematics. Indeed Dr Hodgson completed his Ph.D. at Princeton University
under William Thurston, himself a Fields medalist2.

When I discovered this I started to realise just how outstanding my 620-233
lecturer really is.

Dr Hodgson’s interest in mathematics is long-standing. He recalls:

“I guess I was interested in mathematics from primary school on-
wards. . . I used to borrow all the maths books from the local library
when I was at school.”

1The Russian mathematician, Grigory Perelman, claims to have a proof of Thurston’s
Geometrisation Conjecture, and with it the million dollar Poincaré conjecture, but it is yet
to be verified.

2The Fields Medal is the mathematical equivalent to a Nobel Prize.
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Dr Hodgson went on to undergraduate study at the University of Melbourne.
He recalls a number of current staff members from his student days including
Professor Chuck Miller, and his now next-door-neighbour on the first floor of the
Richard Berry Building, Dr John Groves. Of the current Head of Department
he noted,

“Hyam Rubinstein appeared when I was in about 3rd or 4th year.
He was quite an inspiration.”

Dr Hodgson went on to complete a Masters under Professor Rubinstein before
heading off to Princeton.

After nearly a decade in the U.S. at Princeton as well as other prestigious insti-
tutions such as the Mathematical Sciences Research Institute at the University
of California Berkeley, and Columbia University in New York, Dr Hodgson
ended up back in Melbourne.

“. . . It’s a great place for low dimensional geometry and topology. . . The
students here are excellent.”

Beyond academia Dr Hodgson has a diverse range of interests.

“I do a lot of bushwalking. In December I went to the South Island
of New Zealand. I also regularly go on trips throughout Victoria
and Tasmania.

“I am also interested in music. I play the piano, bassoon and
recorder. I used to play bassoon in orchestras at school and univer-
sity. I still play the piano for recreation, and go to lots of classical
music concerts.”

To conclude the interview, I asked whether Dr Hodgson had always planned a
career in mathematics. His reply was simple yet profound:

“I had other interests — physics and meteorology — but maths was
the most interesting.”

— James Saunderson
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The RSA Challenge

Observe that

39807508642406493739712550055038649119906436
2342526708406385189575946388957261768583317

×
47277214610743530253622307197304822463291469
5302097116459852171130520711256363590397527

=
18819881292060796383869723946165043980716356
33794173827007633564229888597152346654853190
6060650474304531738801130339671619969232120
5734031879550656996221305168759307650257059

“Pooh-pooh”, I hear you say. “I learnt how to do long multiplication in year
two.” Yet Jens Franke, of the German Federal Agency for Information Tech-
nology Security, and his cohort of codebreakers won $10 000 for exactly that
observation, which they made on December 3, 2003.

The number above is known as ‘RSA–576’ (so called because it has 576 digits
when written in binary), and is one of a number of large integers that RSA
Laboratories have published, with large cash prizes for anyone who can factorize
one of them. If you think you would like a slice of this mathematical pie, and
an international renown amongst mathematicians to boot, there are prizes of
up to $200 000 available for factorizations of the numbers at

http://www.rsasecurity.com/rsalabs/challenges/factoring/numbers.html

But beware: the largest (and most valuable) number on the list, RSA–2048,
has 617 decimal digits! The problem of factorizing large numbers is notoriously
difficult. Of course, given a large number, you can simply try dividing it by all
the numbers less than it until you find a divisor, but that takes forever (well,
not literally). There are some clever ways that make the process faster, but it
is nevertheless a prohibitively slow process. Jens Franke and his team, despite
using high-powered computing equipment at German universities, still took a
highly non-trivial amount of time.

Using some ingenuity, it is possible to make codes which are extremely difficult
to break, based on this idea. RSA is one such code (RSA stands for Rivest,
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Shamir and Adleman, the inventors of the code). It is one of the most widely-
used methods of encryption in the world. If a message is encoded using RSA,
decoding it without knowledge of the ‘key’ requires the factorization of a large
composite number into two large primes (see the next section for more detail
on how RSA works). So if we choose two humongously large primes for our
code, current techniques of factorization will take a few squillion years before
they are able to break the code, so our correspondence is effectively safe.

What makes the people of RSA security a bit edgy, however, is that no one has
proven that there is no quick way of factorizing large numbers. “What if,” they
ask themselves in querulous voices, “What if some unknown genius discovers a
new, incredible method of factorization that makes our product obsolete?” This
is the reason for the RSA challenge. By offering prizes for the factorizations of
large numbers, RSA should be able to determine roughly how big their primes
need to be to make factorization effectively impossible.

This was shown to be a very wise move by the case of RSA–129. The inven-
tors of RSA published this number, and encoded a message using the RSA
method. They offered $100 to anyone who could decode the message. One
of the inventors made the rather extravagant claim that this code would take
forty quadrillion years to break, which made him look a right fool when it was
broken in 1994, and he looked even more foolish when it was revealed that the
encoded message was “The magic words are squeamish ossifrage”1.

So, if you think you are up for a challenge, give some of the RSA numbers a try.
But if you do discover a new and effective way of factorizing large numbers, you
could probably make more money by keeping your discovery secret and working
for the NSA than by cleaning up on the RSA challenge numbers. Keep that in
mind.

The Theory Behind RSA

To put RSA into practice, I choose two large primes, p and q, and I make their
product public. I also choose two other integers, d and e, so that

de ≡ 1 mod (p− 1)(q − 1)

I also make d public, but I keep e, p and q secret. If you want to send me a
message, you turn it into a number, M (this is not too difficult to do - you

1An ossifrage, it seems, is a rare European species of predatory vulture.
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can use the ASCII values of letters). Now you send me the ‘encrypted’ number
Md (mod pq). When I get it, I work out (Md)e (mod pq). You can prove that
this will be the original message, that is, Mde ≡ M mod pq. This is because
(p− 1)(q− 1) = φ(pq), where φ(n) is the number of numbers less than n which
are relatively prime to n. Euler proved that, if gcd(a, n) = 1, then

aφ(n) ≡ 1 mod n

so
Mde ≡ Mkφ(pq)+1 ≡ M mod pq

(by the way we defined e and d) and so I will obtain the original message from
your encoded message. So, to discover e and hence decode the message, a
codebreaker must know (p − 1)(q − 1), which is equivalent to factorizing pq.
If we choose p and q to be fantastically large, the codebreaker doesn’t have a
prayer, and we’re safe.

So, for example, I might choose p = 29, q = 67, d = 65, e = 1649. Note that

65× 1649 ≡ 1 mod (28× 66)

So I make public the numbers 65 and 1943 (which is 29 × 67). Now suppose
you want to send the message ‘NO’. ‘N’ is the 14th, and ‘O’ is the 15th letter
of the alphabet, so you make your message M = 1415. Then you encode your
message:

Md ≡ 141565 ≡ 645 mod 1943

If I now want to decode it, I calculate

6451649 ≡ 1415 mod 1943

So I recover your message. If someone wanted to decode your message, they
would be forced to factorize 1943. You may worry that someone could guess
your message, and check if they were correct by encoding their guess to see if
it gave the same value as your encoded message. In practice, random digits
are put at the end of the message before it is encoded, to prevent this sort of
attack.

— Nick Sheridan
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Mathematical Poetry Competition!

Paradox is now accepting entries for its second ever Mathematical Poetry
Competition. So if you have a desire to express the inner mathematician in you
through verse, then please send your creations to paradox@ms.unimelb.edu.au.
The best entries will be printed in the next issue and winners will be in line to
receive a free subscription to Paradox for 2004! The following is a collection
of mathematical poems to inspire you.

A mathematician confided
That the Möbius band is one-sided
And you’ll get quite a laugh
If you cut one in half
’Cause it stays in one piece when divided.

A challenge for many long ages
Had baffled the savants and sages.

Yet at last came the light:
Seems old Fermat was right —
To the margin add 200 pages.

π goes on and on and on. . .
And e is just as cursed.
I wonder: Which is larger
When their digits are reversed?

A mathematician named Klein
Thought the Möbius band was divine

Said he: If you glue
The edges of two

You’ll get a weird bottle like mine.

A graduate student from Trinity
Computed the cube of infinity;
But it gave him the fidgets
To write down those digits,
So he dropped maths and took up divinity.
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Art Gallery Theorems

Imagine that you are the owner of several art galleries and that you are in the
process of hiring people to guard one of them. Unfortunately, with so many art
galleries in your possession, you have forgotten the exact shape of this particular
one. In fact, all you can remember is that the art gallery has the shape of a
polygon with n sides. Of course, guards have the capacity to turn around a
full 360◦ and can see everything in their line of sight, but being terribly unfit,
are unwilling to move. So my question to you is the following. . . what is the
minimum number of guards that you need to be sure that they can watch over
the entire art gallery?

This question was first posed in 1973 by Victor Klee when asked by fellow
mathematician Vas̆ek Chvátal for an interesting problem. Consider the comb-
shaped art gallery below which has fifteen sides. It is clear that at least one
guard is required to stand in each of the shaded areas in order to keep an eye on
each of the “prongs” of the comb. Thus, at least five guards are needed to watch
over the entire art gallery, and you can check that five are actually sufficient.
In fact, it is not too difficult to see that you can form a k-pronged comb-shaped
art gallery which has 3k sides and requires k guards. Furthermore, by chipping
off a corner or two from a k-pronged comb-shaped art gallery, it is clear that
there exist art galleries which have 3k+1 or 3k+2 sides which require k guards.
In short, we have shown there are art galleries with n sides that need bn/3c
guards1.

So you will need to hire at least bn/3c to guard your art gallery, but is it
possible that you might need even more? The following theorem states that
you don’t, which means that the comb-shaped art gallery actually gives a worst
case scenario.

Art Gallery Theorem: Only bn
3 c guards or fewer are required

to watch over an art gallery with n sides.

1Here, we use the notation bxc to denote the largest integer less than or equal to x.
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A Not-Too-Scary Proof of the Art Gallery Theorem
In 1978, a “proof from the book”2 was found by Steve Fisk, and this is the one
which we will present. There are three main steps in his line of reasoning.

• You can always triangulate a polygon.
To triangulate a polygon is to divide it up into triangular regions by
joining up pairs of vertices. The fact that this is true follows from the
following3

Useful Lemma: In any polygon with more than three sides,
there exists a diagonal joining two of the vertices which lies
completely inside the polygon.

• There is a nice colouring of every triangulation of a polygon which uses
only three colours.
A nice colouring is a way to assign a colour (or, due to the monochromatic
nature of Paradox, a number) to each vertex of the triangulation so that
every triangle has corners with three different colours. Given only three
colours, this is an easy task if the polygon is a triangle, so let us consider
what happens when there are more than three sides. But then by the
useful lemma which we stated above, there exists a diagonal joining two
of the vertices which lies completely inside the polygon. Suppose that we
use this diagonal to split our art gallery into two separate ones. Notice
now that if we can nicely colour the two smaller art galleries, then they

2The renowned twentieth century mathematician Paul Erdős liked to talk about “The
Book”, in which God maintains the perfect proofs for mathematical theorems.

3For those unaware, a lemma is not actually half of a dilemma, but the fancy name that
mathematicians give to a handy little theorem which they are using to prove a bigger theorem.
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can be glued together, after relabelling the colours in one of the pieces, to
give a nice colouring of the original art gallery. But can we nicely colour
these two smaller art galleries with three colours? Of course we can. . . just
use the same trick to split them up into smaller and smaller pieces until
we are left merely with triangles, which can obviously be nicely coloured!

• Now place your guards at the vertices which have the minority colour.
Suppose that the colour which occurs the least number of times is red,
for example, and that there are actually k red vertices. Since there are
n vertices altogether and only three colours, that tells us that k ≤ n/3
and since k is an integer, we have k ≤ bn/3c. But what happens when
we place k guards at these red vertices? Well, by the properties of a nice
colouring, every triangle in the triangulation contains a red vertex and
a guard standing at this vertex can obviously watch over every part of
that triangle. So every triangle in the triangulation is being watched over
by at least one guard and hence, every point in the art gallery is being
watched over by at least one guard.

More Art Gallery Theorems and Unsolved Problems

Imagine now that you have suddenly remembered that your art gallery isn’t
just any old random polygon with n sides, but actually satisfies the condition
that any two walls which meet do so at right angles. This is known as an
orthogonal art gallery for obvious reasons and we have the following result.

Orthogonal Art Gallery Theorem: Only bn
4 c guards or fewer are

required to watch over an orthogonal art gallery with n sides.

Or suppose that you have enough money to hire fit guards who don’t just stand
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still but patrol along a particular wall of the art gallery. How many of these
“wall guards” are required to watch over the art gallery? Interestingly enough,
the answer is unknown, but the following is believed to be true.

Art Gallery Conjecture for Wall Guards: Only bn
4 c wall guards

or fewer are required to watch over an art gallery with n sides,
except for a few small special cases.

There are numerous other unsolved problems, such as considering art galleries
with “holes” or the three dimensional analogue of the art gallery theorem.
However, we will finish with an illuminating problem, which was brought to
the attention of mathematicians in 1969 by Victor Klee, the very same person
who brought you the original art gallery problem.

Imagine that you are standing in a room in the shape of a polygon and that
each wall is a mirror. If you strike a match, is it always possible to illuminate
the whole room? We will assume that light hitting a corner of the room is not
reflected at all. This question was answered in 1995 by George Tokarsky, using
the following example. He showed that if you are standing at point A, then you
can not illuminate the whole room — in fact, you can not illuminate the point
B. This example uses a polygon with 26 sides, but can you find one which is
smaller?

It turns out that even though you cannot illuminate the whole room while
standing at the point A, you certainly can do so by moving to another point of
the room. We will leave the reader with the following unsolved problem.

Is it true that in a polygonal room whose walls are mirrors,
there is always a point from which we can illuminate the whole
room?

— Norman Do
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Maths Jokes and Quotes

lim
x→8

1
x− 8

= ∞

⇒ lim
x→5

1
x− 5

= 5

Anyone who cannot cope with mathematics is not fully human. At
best he is a tolerable subhuman who has learned to wear shoes,
bathe and not make messes in the house.

Lazarus Long, “Time Enough for Love”

What is the origin of the urge, the fascination that drives physi-
cists, mathematicians, and presumably other scientists as well?
Psychoanalysis suggests that it is sexual curiosity. You start by
asking where little babies come from, one thing leads to another,
and you find yourself preparing nitroglycerine or solving differential
equations. This explanation is somewhat irritating, and therefore
probably basically correct.

David Ruelle, “Chance and Chaos”

A seven-year-old of my acquaintance claimed that the last number
of all was 23,000. “What about 23,000 and one?” she was asked.
After a pause: “Well, I was close.”

Robert Kaplan, “The Nothing That Is”

By keenly confronting the enigmas that surround us, and by con-
sidering and analyzing the observations I had made, I ended up
in the domain of mathematics.Although I am absolutely without
training in the exact sciences, I often seem to have more in com-
mon with mathematicians than with my fellow artists.

M. C. Escher
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I’ve dealt with numbers all my life, of course, and after a while
you begin to feel that each number has a personality of its own.
A twelve is very different from a thirteen, for example. Twelve
is upright, conscientious, intelligent, whereas thirteen is a loner,
a shady character who won’t think twice about breaking the law
to get what he wants. Eleven is tough, an outdoorsman who
likes tramping through woods and scaling mountains; ten is rather
simpleminded, a bland figure who always does what he’s told; nine
is deep and mystical, a Buddha of contemplation.

Paul Auster, “The Music of Chance”

The combination of the discoveries of Einstein and Pythagoras:

E = mc2 = m(a2 + b2)

Sylvester was once approached by one of his research students who
proposed to use a certain result in his research. Sylvester objected
that the claimed theorem could not possibly be true, at which point
the student tactfully explained to him that he, Professor Sylvester,
had proved it himself, many years previously.

A. R. Luria, “The Mind of a Mnemonist”

Thanks

The Paradox team would like to thank Daniel Mathews, James Saunderson,
Julian Assange, Nicholas Sheridan, Priscilla Brown and Sally Zhao for making
contributions to this issue. Thanks must also go to Andrew Kwok, Denise Lin
and Stephen Farrar for their help with editing and layout. We would also like
to thank Punya Mishra for allowing us to use his artwork for the front cover
and Craig Hodgson for taking time out of his busy schedule to be interviewed.
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Paradox Problems

The following are some maths problems for which prize money is offered. The
person who submits the best (clearest and most elegant) solution to each prob-
lem will be awarded the sum of money indicated beside the problem number.
Solutions may be emailed to

paradox@ms.unimelb.edu.au

or you can drop a hard copy of your solution into the MUMS pigeonhole near
the Maths and Stats Office in the Richard Berry Building.

1. Rearranging digits ($5)
Can you find an integer beginning with the digit 1, such that when the
digit 1 is moved to the other end you get three times the number you
started with? Can you find an integer with the same property but begin-
ning with the digit 2?

2. Coins in a row ($5)
On a table is a row of fifty coins, of various denominations. Alice picks a
coin from one of the ends and puts it in her pocket; then Bob chooses a
coin from one of the remaining ends and the alternation continues until
Bob pockets the last coin. Prove that Alice can play so as to guarantee
that she will end up with at least as much money as Bob.

3. Spot the pattern ($5)
The squares of an infinite chessboard are numbered as illustrated. The
number 0 is placed in the upper left-hand corner; each remaining square
is numbered with the smallest nonnegative integer that does not already
appear to the left of it in the same row or above it in the same column.
Which number will appear in the 2004th row and 1729th column?

0 1 2 3 4 5
1 0 3 2 5 4
2 3 0 1 6 7
3 2 1 0 7 6
4 5 6 7 0 1
5 4 7 6 1 0
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4. Dominoes ($5)
A complete domino set (which consists of the 28 dominoes 0-0, 0-1, 0-2,
. . . , 6-6) has been placed in the following diagram. However, all of the
edges of the dominoes have been removed and there are blank spaces to
be filled with each of the numbers 0, 1, 2, 3, 4, 5, 6. Fill these seven
spaces and determine where the edges of the dominoes must be. Your
solution must obey the extra condition that the adjacent 4 and 0 in the
first row cannot be joined to form the domino 0-4.

3 4 0 1 0 6 4 3
2 6 6 0 6 1 0 2
1 6 5 2 6 5

1 6 1 2 3 4
5 3 5 2 4 0 2
1 0 5 5 5 2
4 1 0 3 3 4 4 3

5. Mathematics and Statistics courses ($5)
This semester, the Mathematics and Statistics Department is offering its
students Complex Analysis and four other courses. Each class is offered
on a different day from Monday to Friday, and each is taught by a different
lecturer. From the data given below, can you determine which course is
given on which day and the full name (one last name is Chan) of the
lecturer?

(a) Peter and Borovkov both work full-time and teach at university part-
time.

(b) Derek’s class is later in the week than Taylor’s, but earlier in the
week than Operations Research.

(c) The Metric Spaces course is offered Thursday.
(d) Kostya’s class isn’t on Monday.
(e) Jerry, Rubinstein, and the Metric Spaces lecturer all hold PhD’s in

mathematics.
(f) Koliha teaches the day before Peter, who teaches the day before

Jerry.
(g) Derek’s course isn’t Probability.
(h) Koliha, who isn’t Hyam, teaches a class held earlier in the week than

Number Theory.
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Event:

• Seminar

• BBQ

• A.G.M.

• Trivia Night

Date:

Friday 23 April

Friday 30 April

Friday 7 May

T.B.A.

For more information:

• keep an eye out for posters in the Richard Berry Building

• subscribe to our mailing list at:

http://www.ms.unimelb.edu.au/~mums/mlist


